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A theorem of Deza asserts that i f / /1 ,  ..., H,, are s-sets any pair of which intersects in exactly 

d elements and if m~s2-s+2,  then the H; form a A-system, i.e. =d.  In other words, every 
i = l  

large equidistant (0, l)-code of constant weight is trivial. We give a (0, + 1. - 1) analogue of this 
theorem. 

1. /n~oducfion 

An equidistant  (0, 1) code is a set A =  {al . . . . .  a,,,} of  "(0, 1) vectors in R" 
each having the same number  s o f  non-zero entries such that  the scalar products  
(a,, aj) have the same value d (1 ~_i<j<=m). Deza [2] proved 

Theorem 1.1. I f  s=2d ,  m > d 2 - d +  l, then f o r  an equidistant code A we can f ind  d 
positions l<=il<...<id<--n such that all the vectors in A have 1 h7 these positions. 

A slight modification of  the argument  in [2] gives 

Theorem 1.1'. I f  h = {al . . . . .  a,,} is an equidistant code with 

m > max {d+2,  ( s - d ) Z + ( s - d ) + l }  

then we can f ind  d positions 1 <=il<...<id<=n such that all the vectors in A have 1 
in these positions. 

For  large n the bound is sharp if and only if ( d + 2 ) > : ( s - d ) 2 + ( s - d ) + l  or there 
exists a projective plane of  order  s - d  (van Lint [6]). For  some more results on this 
topic see the survey paper  [3]. A. J. Hoffman [5] asked how this results extend to 
(0, + 1 , - l ) - v e c t o r s ,  in view of  applications to eigenvalues of  directed graphs. 

The main result of  this paper  is 

Theorem 1.2. Suppose B =  {bl, b2 . . . .  , b,,} is a set o f  (0, + 1, - 1)-vectors in R". 
Suppose that f o r  some integers s, d with s >d>= 1 we have 

(bi, bi) : s, (bi, bj) = d f o r  every 1 ~ i ¢ j <= m. 
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I f  re>max {(s-d)Z + ( s - d ) +  l, ( s - d ) ( d +  2)}, then we ean find d positions 1 ~ i 1 <  
<i~<...<id<=n such that for every l ~j<=d all the vectors have the same non-zero 
i l th  entry. 

The case d < 0  is much  simpler. The answer  is 

Theorem 1.3 [1]. Suppose B= {bx, b2 . . . . .  bin} is as in Theorem 1.2, s =  > 1 but d ~  - 1. 
Then m ~ [ 1 - s / d ] ,  and this is best possible for large n. 

In fact Delsarte,  Goethals ,  Seidel prove this theorem in a much  more  general 
setting, using Gegenbauer  polynomials .  (They consider the case of  vectors in R" 
of  equal  length with given set A of  values of  pairnvise scalar products.  The special 
case A =  { ± d }  is exactly the case of  a set of  equiangular  lines, i.e. equidistant  set 
o f  points  in the elliptic space E"-X.) We give an e lementary  proof.  

In the case d = 0  obviously m<=n. The  case of  equal i ty cor responds  to the 
so-called weighing matrices,  W(n, s). In the case s=n a weighing matr ix  is just a 
H a d a m a r d  matr ix  of  order  n. For  more  in tbrmat ion  abou t  weighing matr ices con- 
fer [4]. 

2. The proof of  Theorem 1.3 

Set v = b l  +b,, + . . .  +b , , .  Then (v, v)_->0, or, equivalently 

(1) m s + m ( m -  l )d  ~ 0. 
s 

Dividing by m ( - d )  and rearranging we obtain m=<_l+--~-~. As m is an integer 

we also have m=<[l -(s/d)], proving (1). 
To  show that  (1) is best  possible we have to construct  m=[1-(s /d)]  

(0, + l, - 1)-vectors b~, b2 . . . .  , b,, such that  (bi, hi) =s and (bi, bi)=d for  1 <=i,j~m, 
i# j .  We represent  these vectors as the rows of  a matr ix  M. 

Every column of  M will have at  most  2 non-zero entries, more  exactly for  
every ( i , j ) ,  1 <=i<j~m M contains - d  co lumns  with 1 in the i ' th, - 1  in the j ' t h  
positions, and for every 1 <=i~_m it contains  s + d [ s / - d ]  columns with + 1  in the 
i ' th  position and zeros elsewhere, and it contains no other  columns. Thus M is 
defined up to the order  of  columns,  but  this does not  affect the scalar products  o f  
the rows. Every row contains ( m - l ) d + s + d [ s / - d ] = s  non-zero entries, and for  
any two different rows there are - - d  columns where none of  them has zero. More-  
over  these two non-zero entries have opposi te  signs, giving scalar product  d. II 

Remark  2.1. The p roo f  of  Theorem 1.3 shows that  if  m =  1 - ( s / d )  then necessarily 
bl +b2 + . . .  +b, ,  is the all-zero vector. 

3. Some lemmas 

Definition 3.1. For  1 ~ i ~ n ,  and a collection of  (0, 1, - 1)-vectors B =  (bl,  b2 . . . . .  b,,} 
let q°(B), q+(B) ,  qF(B) denote the number  of  vectors which have 0, + I ,  - -1 ,  
respectively, in the i ' th  coordinate.  I f  it causes no confusion we simply write q0, qff, 
q7 or q0, q+, q -  if the current  value of  i is clear f rom the context.  
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L e m m a  3.2. Suppose B = {bl, b~ . . . . .  b,,} is as h7 Theorem 2, then 

(2) (qO + q- ) m ( s -  d) >- (2q- + qO)2 q+. 

C o r o l l a r y  3.3. With the same notation as in Lemma 3.2 we have 

(3) (qO + q + ) m ( s _ d )  >= (2q+ +qO)2q-. 

Proofs of the lermna and the corollary. Let us define 6j for 1 <-j~m such that 3 i=  
= q O + q -  i fb j  has +1 in the i 'th position and 6 j = - q  + otherwise. Let b~ be the 
vector which agrees with bj in every position except possibly in the i ' th position, 
where it has 0. Set v= ~ bib ~. Let us expand the inequality (v, v)=>0. We obtain 

l~ j~_m 

(q° + q-)" q+ ( s -  1) + (q° + q-)2q + (q+ - 1 ) ( d - I ) +  (q+)2q - ( s -  1)+ 

+ (q+)., q0 s + (q+)2 q- (q- _ 1) ( d -  1) + (q+)2 2q- qO d + 

+ (q+)2qO(qO_ 1 ) d -  2(q+)2(q - + q° )q°d-  

-2(q+)2(q  - + q ° ) q - ( d +  1) ~ 0. 

After rearranging and dividing by q+(if  q + = 0  the lemma holds trivially) 
we obtain 

(q° + q-) (q+ + q° + q - ) ( s - d ) - ( Z q -  + q°)2 q+ >: O. 

As m =q+ +q0 + q -  the statement of the lemma is proved. Now the corollary follows 
applying the lemma to B - =  {-ba ,  - b2  . . . . .  -bin}- I 

Remark 3.4. Actually Lemma 3.2 is a direct consequence of the following statement: 
Let V= {vl, v2 . . . . .  v,} be a set of real vectors in R" such that all the Euclidean dis- 
tances Hvl-vjI] are the same, say f Suppose there are qx vectors which have x in 
the i 'th position (1 <:i<:n). Then we have the following inequality for the harmon- 
ical mean 

Harm(qx,  qy) -- 1 1 = 
-t 

qx % 

for arbitrary real numbers x, y. (The proof  uses a negative type inequality (see [7]) 
for the square of Euclidean distance.) In our case Ilvitl = s  and s o f 2 = 2 s - 2 d .  Thus 
(q~+qr)/q~qy>=(x-y)2/(s-d).  In the special case of  (0, 1) vectors it becomes 
q + ~ ( m - q + O ~ ( s - d ) m ,  which is the inequality of [2, Lemma3.1] crucial for the 
proof  of Theorem 1.i. 

Lemma 3.5. Suppose B= {bl, b2 . . . . .  bin} is as in Theorem 2 and that 

m > max { ( s - d ) ~ ' + ( s - d ) + l ,  ( s - d ) ( d + 2 ) } ,  

then for every 1 <:i<=n either 

(4) max (q- ,  q+) >= r e - ( s - d +  1) 
o r  

(5) m a x ( q - ,  q+) ~ ( s - d + l ) ,  
or d = l ,  s~3 .  
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Proof.  By symmetry  reasons we m a y  assume q -<=q+ .  Suppose the s ta tement  of  
the L e m m a  is not  true i.e. s-d+2<=q + <=m-s+d-2.  Using l emma  3.2 we deduce 

re(s-d) ~ q +(2q- + q°)2/(q- + q °) >= q+( qO + q-) >= ( s - d  + 2 ) (m-s  + d -  2). 

Rearranging  and  using the fact tha t  m is an integer we deduce 

N o w  for  s - d > 2  

m < [ l  (s-d+2)2]. 

l 2 ( s - d +  1 ) ( s - d ) +  1 > -~- ( s - d + 2 ) ,  

while, for s-d<-2, (d+2)(s-d)>=[2 ( s - d +  2)2], except for d=l ,  s<=3. ' 

Definition 3.6. We say i is light (heavy) if  1 <- i<=n and (5) ((4), respectively) holds 
in L e m m a  3.5. 

Definition 3.7. We say bj contributes to the heavy position i if its i ' th  entry  is non- 
zero and of  the same sign as the major i ty  of  non-zero i ' t h  entries. 

L e m m a  3.8. Suppose B= {bl . . . . .  b,,} is as in Theorem 1.2 and that 

m > max  { ( s - d ) 2 + ( s - d ) + l ,  (d+2)(s-d)},  

then every bj contributes to at least d heavy positions, or d= 1, s<-3. 

Proof.  Arguing indirectly we m a y  assume that ,  for  example,  bl contr ibutes  to only 
d - t  heavy columns with l<=t<=d. As (hi, bl)=d for  2~i<-_m, bi agrees with b 1 

in at  least t o f  the remaining s - d + t  non-zero posit ions o f  bl .  Thus,  using L e m m a  3.5 
( s -d+t ) ( s -d )>=(m-1) t ,  yielding m ~ ( s - d ) Z + ( s - d ) + l ,  a contradict ion.  I 

L e m m a  3.9. Suppose B= {bl, b2 .. . .  , bin} is as in Theorem 2 and that 

m > m a x  { ( s - d ) 2 + ( s - d ) +  1, (d+2)(s-d)},  

then there are at most d heavy positions unless d= 1, s<- 3. 

Proof.  Suppose the cont rary  and let il, i2 . . . . .  id+ t be heavy positions. Changing 
the signs of  all the entries in some of  these columns we m a y  assume qi +, >=m-s+d 
for  l < - t ~ _ d + l .  

Fo r  1 <=t<=d+ 1 let At be the set o f  integers j ,  1 <-j<-m, for which bj has not  
d + l  

+ 1 in the it'th position. Let us set A0 = {1, 2 . . . . .  m } -  U At. 
t = l  

We break  the p roo f  into three proposit ions.  

Proposition 3.10. lA01 <=s-d.  

Proof.  Suppose the cont ra ry  and  let J~,J2 . . . .  ,j,-d+~6Ao, For  l<-t<=s-d+l let 
at be the vector  which agrees with b jr except  that  it has 0 in the i~'th posit ion for  
l = 1 . . . .  , d +  1. Then  (at, at) = s -  d -  1 and (at, at,) = - 1 for 1 =< t # t ' -<  s -  d +  1, con- 
tradicting Theorem 1.3. I 
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From the above, Lemma 3.9 and Theorem 1.2 easily follow for 

m > max {(s-d)"+(s-d)+l,  (d+2)(s-d+l)}. 

In order to get the sharp result, we need more technical propositions. 

Proposition 3.11. If  IAoI =s-d  then the As's are pairwise disjoint. 

Proof. By Remark 2.1, the fact l A 0 [ = s - d  implies ~ al=0.  Let us choose 

1 <-j<-m such that it is contained in two different A/s. Then (bj, b~,)=d implies 
(bj, az)=>l for l<-l<-s-d. But this leads to 0=(bj, .d~ al) >--S-d, a contradiction. 
Now Proposition 3.10 yields max JAtl>s-d, thus by Lemma 3.5 we have 

l ~ t ~ d + l  

max IAzl=s-d+l. By symmetry we assume IA~l=s-d+l. I 
l ~ t _ ~ d + l  

Proposition 3.12. For 2<-t<-d+ 1 we have 

IAt-Az] <- s-d; 

moreover, if we have equality then AzfhA~#O. 

Proof. The contrary would mean that for some 2-< t<-d+l  we have s-d<-lA,l<- 
<-s-d+ 1, and A, OA~=0 holds. For  jE(A~ UAt) let aj denote the vector we obtain 
from bj by putting zero into the il and i/th position. 

Let us set w=lAtl ~aj-lA~[ ~ aj. Expanding the inequality (w, w)=>0, 
J E A  1 J E A  t 

and using (aj, ay)>=d for jEAa, j'EA,, (aj, aj,)<-d-1 for j#j'EAx or j¢j'EA,, 
and (aj, aj)<-s-1 for jE(AzUA,) we obtain a contradiction. I 

Now from the first part of Proposition 3.12 we deduce 

[ ~ AjI <- ]Aal+ Z [Aj-A,] <- (s-d)(d+l)+l. 
1 ~  _ d + l  2 ~ ] ~ d +  1 

Thus [Aol>=s-d. Using Propositions 3.10 and 3.11 we deduce [Aol=s-d and the 
sets At are pairwise disjoint. Hence by the second part of Proposition 3.12 we have 
[A,--AaI <-s-d- 1, yielding IAoJ = > s - d +  1, in contradiction with Proposition 3.10. 
This proves Lemma 3.9. I 

4. The proof of Theorem 1.2 

Suppose first (s, d )# (2 ,  1) or (3, 1). Then by Lemma 3.9 there are at most d 
heavy positions and by Lemma 3.8 every vector contributes to at least d, i.e. to each 
of  them. Hence there are d positions in which all the vectors have the same non- 
zero entry. This concludes the proof for this case. 

If  s=2 ,  d =  1 then by symmetry we assume b l = ( l ,  I, 0, 0 . . . . .  0). As (b~, b0 = 1 
for i = 2 , 3 ,  again by symmetry we may assume b~=(1, 0,1,  0, . . . ,0), b~= 
= ( 1 , 0 , 0 ,  1,0 . . . . .  0). But now (bi, b i ) = l  for l<-i<-3,4<-j<-m yields that all the 
b fs  have 1 in the first position. 

For s= 3 ,  d = l  suppose first that there are two rows which have 
in some position + 1 and - 1 ,  respectively. By symmetry we may assume it is the 
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first posit ion and the vectors are  b l ,  b2. As (bl, b2) = 1, b l = ( l ,  1, l, 0 . . . . .  0), b2= 
= ( -  1, 1, 1 ,0  . . . . .  0). Fo r  i=>3 (b~, bl) = 1, (hi, b2) = 1 yields that  b~ has (0, 1, 0) or  
(0, 0, 1) in the first 3 positions. As r n ~ 8  one of  these possibilities occurs at least 
3 t imes:  say the first one and for ha, b4, bs. I f  not  all the vectors have 1 in the second 
posi t ion then we m a y  assume b6=(0,  0, 1, 1, 1, 0 . . . .  ,0) .  As (bj,  b6) = 1 for  j = 3 ,  4, 5 
we m a y  as assume b3 and b~ have bo th  1 in the four th  posit ion, and  consequently 
b3= (0, 1, 0, 1, 0, 1,0,  ..., 0), b~ = (0, 1, 0, 1, 0, - 1, 0 . . . . .  0). But then bs cannot  have 
1 in the four th  posit ion, we m a y  assume bs=(0 ,  1,0,  0, 1,0,  1, 0, ..., 0). Now the 
only possible choice for  b7 is (0, 1,0,  0, 1, 0, - 1 ,  0 . . . . .  0), thus m ~ 7 ,  a contra-  
diction. 

I f  in every position all the non-zero entries are equal  then, possibly changing 
their signs s imultaneously,  we m a y  assume that  all the bi's are (0, l)-vectors.  We m a y  
suppose b l = ( 1 ,  1, 1, 0 . . . .  ,0) .  As (b~, b t ) = l  for 2=<i_-<8, there are a t  least 3 vectors 
which have 1 in the same of  the first three positions. By symmet ry  we m a y  assume 

b~ = (1, 0, 0, l ,  1 ,0,  ..., 0), b3 = (1, 0, 0, 0, 0, 1, 1,0,  ..., 0), 

b4 = (1 ,0 ,0 ,  0 ,0 ,  0 ,0 ,  I, 1,0,  . . . ,0) .  

N o w  (b~,bj)=l for  i = 1 , 2 ,  3 ,4  and 4<=j<=m gives tha t  all the bj's have 1 in the 
first posit ion,  which concludes tile p roo f  of  Theorem 1.2. | 

Remark  4.1. For  large n the bound  given by Theo rem 1.2 is best possible. Fo r  
d<s/2 we can take the incidence vectors of  a projective space of  order  s - d  (if it 
exists) plus d -  1 columns of  entirely ones. Fo r  d>=s/2 we give the vectors as the rows 
of  the following matr ix  N. 

Let  Jr be the r by r all ones matr ix  and I,  the r by r identity matr ix .  We define 
the first d + 2  columns of  N by ( s - d ) - f o l d  repeti t ion of  each row of  Jd+2--Id+ 2. 
In  order  to construct  the remaining columns of  N, we use the matr ix  M constructed 
in the p roo f  of  Theorem 3 with the following parameters :  the rows have weight 
s - d -  1 and the scalar p roduc t  o f  each pair  o f  rows is equal  to - 1. We define the 
right ha l f  of  N to be the Kronecker  p roduc t  o f  I,-d by M, i.e. the b lock-diagonal  
matr ix  with M in each of  the s - d  diagonal  blocks. 

Now N has (s-d)(d+2) rows, every row contains ( d +  1 ) + ( s - d - l ) = s  non- 
zero entries and all the scalar products  of  different rows are equal  to d. Fo r  s = 4, d =  2 

N = 

0 1 1 1 
0 1 1 1 
'l 0 1 l 

ii 0 I l 
,1 1 0 1 
1 1 0 1 

,1 1 1 0 
[1 1 I 0 

1 0 0 0' 
- 1  0 0 0 

0 1 0 0 
0 - 1  0 0 
0 0 1 0 
0 0 - 1  0 
0 0 0 1 
0 0 0 - l  
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